The radiation of sound from a point-driven circular plate into a hard-walled cylindrical enclosure is investigated. Emphasis is given on studying the effects of the boundary conditions of the plate, which are modeled as a continuous distribution of edge springs acting against both the deflection and the rotation of the contour of the plate. With this model, both classical and intermediate boundary cases can be simulated by adjusting the elastic stiffness of the springs. A coupled acoustoelastic formulation is developed following a variational approach, with the use of hard-walled cavity modes. In the analysis, the full interaction between the structure vibration and the internal cavity sound pressure is considered. Numerical results indicate that a significant reduction in noise inside the cavity can be obtained for a relatively wide frequency range by completely relaxing the translational support (zero deflection stiffness) of the plate. This is mainly due to a weakening of the modal radiation efficiency of the flexural modes of the plate. With an increase of the deflection stiffness on the contour of the plate, this beneficial frequency range is shifted to higher frequencies. It is hoped that the findings of the present work will be useful for practical predictions of airplane cabin noise emitted by the rear pressure bulkhead, as well as for noise control in some aerospace structures and mechanical systems involving cylindrical-shaped cavities.
INTRODUCTION
The radiation of sound by vibrating structures into an acoustical enclosure has received a great deal of attention in the past 30 years. The problem is of considerable importance in many engineering applications, especially in the field of aerospace or automobile engineering, where the externally excited vibrating walls of vehicles induce a significant internal sound field. In architectural acoustics, where a rectangular room is usually involved, the minimizing of the internal noise level radiated by wall partitions is also one of the major applications.
The problem is rather complex in nature because of the structure-cavity coupling. In order to reveal the fundamental phenomena of the problem, scientists chose systems having a relatively simple geometry, among which the following configuration is often used: a rectangular plate backed by a rectangular cavity. This model was first investigated by Lyon I in 1963. In his work, the noise reduction for such a cavity-backed plate was investigated in a straightforward but approximate manner, since with a small cavity many assumptions were made regarding the plate-cavity coupling.
Then, Dowell and Voss 2 studied the effect of the cavity on the natural frequencies of the plate. This phenomenon was confirmed by further investigations of Pretlove. TM Moreover, he showed that the effects of shallow cavities on the vibration of a plate are not negligible.
The problem was then investigated in more detail by many researchers such as Bhattacharya and Crocker, 5
In this paper we present an attempt to answer these questions with a point-driven circular plate exciting an enclosed cylindrical sound field. The choice of this configuration comes mainly from a practical motivation. In fact, the work reported in this paper is one step of a long-term research activity focusing on the cabin noise of airplanes powered by turbofan jet engines. Two main components enclosing the cabin are the fuselage skin and a circular rear pressure bulkhead (RPB), to which the engines are attached through a beamlike structure. Preliminary testings on the plane revealed that mechanical excitation was one of the main noise sources. Therefore the RPB, which is a circular platelike structure, may be a strong sound radiator. As a preliminary model, the plane cabin is considered as a cylindrical cavity having an acoustically rigid wall (with infinite impedance). A thorough understanding of the effects of the boundary conditions of the RPB can, hopefully, help the engineer reduce the cavity noise. The work reported here does not purport to offer a general model for airplane cabin noise predictions. Instead, rather powerful procedures have already been established, such as the one reported by Pope. 16 The interests of the present work are twofold: First, with regards to airplane cabin noise, to investigate the effects of the RPB, an element that has not received sufficient attention up to now in the literature; second, to extend the existing knowledge regarding the boundary conditions of a plate in the general plate-cavity coupling problem.
The model used for this study is a circular plate backed by a circular cylindrical cavity. The plate is driven by an external point force and is elastically supported by rotational and translational springs along its edge. With this model, both classical boundary conditions and intermediate cases can be easily simulated by making use of different combinations of the elastic constants of the springs. A variational formulation associated with a Rayleigh-Ritz approach is used in the analysis of the plate by choosing simple polynomials as trial functions. The same method has been used by the authors for a free vibration analysis of a plate-shell system.
•7 The reader is referred to this work for more details about the plate vibration. For the cavity, the hard-walled cavity modes are used as a basis for the decomposition of the sound pressure and also for obtaining the Green's function of the cavity. The resulting coupling equations, in which the full interactions between the structure vibration and the internal cavity pressure field are taken into account, are then solved.
The proposed formulation for the vibration of the plate is shown to be an interesting alternative to the classical modal decomposition approaches used by most researchers in the problem of plate-cavity coupling. In fact, our formulation encompasses all the boundary condition cases in a general way, removing all previous restrictions in this regard. Thanks to a better understanding of the phenomena, this may offer practitioners new possibilities for the challenge of noise control. This paper is organized as follows: In Sec. I we outline the main procedure and results of the analytical formulation, ending with several comments on numerical implementation. In Sec. II, numerical results are presented and discussed. First, the effects of some classical boundary conditions of the plate are considered. Then, the modal radiation behavior of the plate is investigated to give an interpretation of the phenomena observed. Finally, the study on elastically supported cases reveals the possibilities and limitations of soundproofing by changing the structural boundary conditions. The conclusions are then presented in Sec. III.
I. THEORETICAL DEVELOPMENT

A. Description of the model
The theoretical model considered is a plate-cavity system, as shown in Fig. 1 . The cavity (of radius a and length l) is a circular cylinder with one wall (AF) at z-0 being a circular flexible plate (of thickness hp ), while all the other walls (AR), including the end of the cylinder at Z -1, are acoustically rigid. The plate is elastically supported by translational and rotational springs uniformly distributed around its edge F. The translation along the plate edge is therefore supported by translational springs having a distributed stiffness K (N/mm) and the rotation is supported by rotational springs having a distributed stiffness C (N). The plate is assumed to be thin and only flexural vibrations are taken into account. A point force F(t) in the positive z-axis direction is applied to the plate at the point (rF,OF). In what follows, the sound field within the cavity, as well as the vibration of the plate, will be calculated. The fluid loading on the plate from outside the cavity will be neglected.
B. Vibrations of the plate
As part of a structure already studied, the free vibration of the plate has been described in a previous work, •7 and the reader is referred to this work for more details. Here special attention is paid only to the excitation terms by which the plate is coupled to the cavity.
The equation of motion of the structure is obtained by finding the extremum of Hamilton's function H for the structure over a suitable subspace of displacement trial functions. For the circular plate considered in Sec. I A, Hamilton's function H can be expressed as follows: 
where m3 is the current value of the index my. The expressions for the stiffness term R narn?n;, the mass term M narn?n; 
C. Sound field within the cavity
The sound pressure inside the cavity is treated here in a rather classical way. The pressure, as well as Green's function for the cavity, are expanded in terms of the normal modes of the acoustically rigid-walled cavity. The orthogonality of these modes enables us to reduce the problem to a set of ordinary differential equations with structural coupling terms.
The acoustic pressure Pc inside the cavity is governed by the classical wave equation V2Pc q-(co/c)2Pc = 0, 
A. Modal coupling between the plate and cavity
In the theory formulated above, the plate-cavity coupled system is described in terms of the natural modes of its two uncoupled subsystems; the in vacuo plate and the acoustically hard-walled cavity. Generally speaking, when the plate and the cavity are coupled together, these modes are affected by the coupling. This problem has been investigated by some authors, 2'3"9 who used simply supported and clamped plates to show that the normal modes of the coupled system can be divided into two groups: plate-controlled modes and cavity-controlled modes, the distinction depending on whether the modes are dominated by plate vibrations or the cavity sound field. It is generally admitted that with a light fluid (such as air), this coupling effect is weak for deep cavities. 2 Based on some assumptions regarding the nature of the coupling at low frequencies, both plate-controlled modes and cavity-controlled modes can be rather accurately estimated by some simple formulas. '9 Before proceeding to the effects of the boundary conditions, we observe the spectrum of the sound pressure level induced by a free plate to show this coupling phenomenon (Fig. 2) . The peaks emerging in the curve are marked by different symbols. Those marked by a square represent platecontrolled modes, corresponding basically to the resonances of the in vacuo plate with a slight shift due to the coupling with the cavity. The peaks marked by a circle are cavitycontrolled modes. For these two types of modes, the uncoupled natural modes of the two subsystems form a good approximation of the actual modes at low frequencies, where the modal density is low (less than 0.5% for the present case). However, it should be stressed that this observation cannot be generalized, since the nature of the coupling between the plate and the cavity depends greatly on the characteristics of the system. As an example, a shallow cavity may increase the frequency of fundamental plate resonance by as much as 15 %.2 Therefore, consideration of the full coupling is recommended if precise information is required. In Fig. 2 (or guided) plates, corresponding to the piston motion of the plates supported by the aerostatic stiffness of the cavity. This special mode will be shown to produce a strong cavity sound field at its resonant frequency. Let us term it the "pumping freqi•ency"f• and proceed to estimate it.
Upon assuming that only the rigid cavity mode (with a zero natural frequency) affects the system, the frequency for the fundamental mode of the platefcoup•ed (modified by coupling with the cavity) can be approximated by •9 fcoupled • n vacuo q-(Ms V) '
where Ms is the generalized modal mass of the plate and Los is the coupling coefficient between a plate mode and a cavity mode, defined as the integral of their mode shapes over the contacting surface: 
B. Plates with classical boundary conditions
As far as the effect of the boundary conditions of the plate, Fig. 3 (a)-(c) shows the results for plates with simple supports (solid lines) and free supports (dashed lines). Figure 3 (a) one. This can be more clearly seen in Fig. 3 (c) , in which the sound pressure is shown for one-third octave bands. One observes that the sound pressure level induced by a free plate is 10-20 dB lower than the one radiated by a simply supported plate. This is true for almost the entire frequency range from 50-2000 Hz in the present case. The exception occurs in the low-frequency range centered at 16 Hz, where the free plate gives a stronger sound field than a simply supported one. This is the pumping mode of the plate analyzed in the previous section. The fact that this mode contributes significantly to the cavity sound field and that the cavity produces non-negligible stiffness shows that the mode is well coupled. Figure 4 shows the sound pressure level Lp radiated from plates with the four classical boundary conditions: clamped supports, simple supports, guided supports, and free supports. The results are presented using one-third octave bands. Although the comparisons are not very apparent at low frequencies (below 200 Hz), where the plate modal density is low and the sound field may be completely controlled by particular plate modes, one notices roughly the same radiation capacity for the clamped and simply supported plates on the one hand, and for the guided and free plates on the other. Therefore, it can be concluded that the translational stiffness of the contour supports, K, is a key factor in the radiation behavior of the plates into the cavity. It seems that a lightly deflected support will reduce the sound level inside the cavity. This issue will be addressed in Sec. II D, where the case of elastic supports is examined.
C. Modal radiation behavior of cylindrical cavity-backed plates
As representative examples, a free plate and a simply supported plate are used to reveal the radiation mechanism of plates with different boundary conditions.
As is known, one of the most useful parameters in farfield radiation problems is the radiation efficiency, defined as the ratio of the radiated power to a quantity proportional to the quadratic velocity of the structure. However, for the cavity problem, as pointed out by one of the present authors, •9 this parameter is no longer suitable, mainly because of the standing wave properties of the •cavity. In fact, in this case the radiated power as defined in the classical way be- volved in the above definition will be those induced by the structural mode in question. In order to avoid any misunderstanding, it should be stressed that the term "radiation efficiency" used in this paper refers to the • defined above. Since the acoustic energy is involved in the definition, it will not be surprising to see the modal properties of the cavity from this parameter. Figure 5 shows the radiation characteristics of several modes of the plate, for the cases of free supports [ Fig. 5 (a) ]  and simple supports [ Fig. 5 (b) ]. The four modes illustrated are ( 2,1 ), (2,2), ( 2,3 ), and (2,4) . For the identification of a plate mode, a pair of numbers is used, where the first number denotes the circumferential order while the second identifies the mode rank by increasing value of the natural frequencies. It can be observed that, in both cases, • is weighted by the cavity resonances of the same circumferential order (two for the present case). One important feature that should be noted is that the • of the lower-order modes are generally higher than those of the higher-order ones.
A comparison between these two cases allows one to understand the weak radiation of the free plates. For the same series of modes, this comparison is presented in Fig.  6(a)-(d) by drawing separately the • of the free plate modes together with the equivalent for the case of the simply supported plate. The diagrams are arranged in an increasing order of modes. Figure 6 (a) shows that the (2,1 ) mode exhibits roughly the same radiation capacity for both types of boundary conditions. As for the (2,2) mode [ Fig. 6(b) ], there is a visible difference between these two curves, indicating that the free plate mode radiates less. As the mode order increases this tendency becomes more and more apparent, as is seen in the successive figures. For the (2,4) mode, which is the highest of the four modes considered, Fig. 6(d) of the piston motion for free field radiation is no longer true for cavity problems. This is mainly because the flexural modes, which may generate evanescent waves in the far-field radiation case, become significant contributors to the sound field within an enclosure. Therefore, in our case, the low radiation capacity of the flexural modes of the free plate becomes the primary factor. It is believed that such information would be useful at the design stage of such systems.
D. Plates with intermediate elastic supports
The two previous sections have focused on some idealized and limiting boundary condition cases. The fact that a free plate or a guided plate radiates much less than a simply supported plate or a clamped plate for a relatively wide frequency range may be beneficial in engineering applications. In other words, this suggests relaxing the deflection restraints at the plate contour to improve the sound field in the cavity. Realistically, however, completely free cases do not exist, the structures having to be supported in some manner. Therefore, it seems necessary to consider elastic support cases to reveal their practical possibilities and limitations. Here, we can take advantage of the generality of our formulation to get closer to practical situations. Fig. 7 , illustrates how elastic supports affect the cavity sound pressure. The analysis of Sec. IIB outlined the weak radiating property of the free plate. Therefore, the fact that elastically supported plates behave nearly like a free one above their respective limiting frequencies indicates a significant reduction in induced sound pressure, as is clearly shown in Fig. 7 . Indeed, this beneficial effect begins to occur even slightly before this limiting frequency. However, in the frequency range below this value, a softer support does not always guarantee a reduction in sound. The reason is that different supporting conditions modify the structural modes, the consequence of which can further change the modal structural-cavity coupling. As a result, in some frequency ranges, the cavity sound pressure may be amplified. Combining these two observations, one concludes that the stiffer the support is, the higher is this limiting frequency and, consequently, the higher up is the frequency range where the beneficial effect is expected.
III. CONCLUSIONS
The radiation of sound from a point-driven circular plate into a closed cylindrical enclosure has been investigated. The study was motivated by the desire to obtain an understanding of the noise emitted by the rear pressure bulkhead into the cabin of an airplane. In a larger context, this work aimed to deepen the existing understanding regarding the effects of the boundary conditions of plates and to offer new possibilities for noise control. The simulation of the boundary conditions of the plates is made possible by means of elastic support modeling. The elastic constants for the contour of the plate are chosen to simulate free, guided, simply supported, and clamped edges as well as other intermediate cases. In the formulation, the full coupling between the sound pressure field inside the cavity and the structural motion is taken into account. The sound field generated outside the cavity is neglected in the analysis. For a typical configuration, numerical results are presented and the phenomena observed are interpreted.
It is shown that the deflection stiffness on the contour of the plate plays an important part in determining the radiated sound field within the cavity. For a very wide frequency range, a significant reduction can be obtained by reducing the rigidity of the deflection supports of the plate, the exception being at low frequencies where the response may be controlled by particular plate modes. As limiting cases, a free or a guided plate is shown to radiate much less sound into the cavity than a simply supported or clamped one in a frequency range above a so-called "pumping frequency" f• of the former. This is mainly because of the low radiation capacity of the flexural modes of the free or guided plate. In situations where the plate is elastically supported against deflection, it seems that a limiting frequency exists above which the plate behaves roughly like a free plate, and consequently where a beneficial effect in the sound level is expected, but below which a negative effect may occur because of the particular modal coupling. This limiting frequency is shown to increase with the deflection stiffness of the supports. This analysis illustrates that an improvement in the internal sound field is possible by the choice of a suitably low deflection stiffness for the structure. This paper has focused on a numerical study of the problem. Although some measurements confirming partial findings of the present work have been done, more effort is still needed to carry out complete experimental investigations. Moreover, further analysis seems to be necessary to address the case of nonrigid cavity walls. This will need the simulation of a system comprising the entire plate-shell structure coupled to the acoustic enclosure. These issues should be addressed by subsequent research.
